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Abstract
We investigate the super-de Rham complex of five-dimensional superforms with
N = 1 supersymmetry. By introducing a free supercommutative algebra of auxiliary
variables, we show that this complex is equivalent to the Chevalley-Eilenberg complex
of the translation supergroup with values in superfields. Each cocycle of this complex is
defined by a Lorentz- and iso-spin-irreducible superfield subject to a set of constraints.
Restricting to constant coefficients results in a subcomplex in which components of
the cocycles are coboundaries while the constraints on the defining superfields span the
cohomology. This reduces the computation of all of the superspace Bianchi identities to
a single linear algebra problem the solution of which implies new features not present
in the standard four-dimensional, N = 1 complex. These include splitting/joining
in the complex and the existence of cocycles that do not correspond to irreducible
supermultiplets of closed differential forms. Interpreting the five-dimensional de Rham
complex as arising from dimensional reduction from the six-dimensional complex, we
find a second five-dimensional complex associated to the relative de Rham complex of
the embedding of the latter in the former. This gives rise to a second source of closed
differential forms previously attributed to the phenomenon called “Weyl triviality”.
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1 Introduction
The systematic study of closed differential forms in superspace began with the work of [1]
on four-dimensional p-forms with four supercharges. Since then much effort has gone into the
construction of such forms in various dimensions with various amounts of supersymmetry. In
four dimensions with N = 1 supersymmetry, this has been a textbook subject for some time
now [2]. The analogous study of closed forms in four dimensions with N = 2 supersymmetry
was performed in harmonic superspace in [3]. The super-de Rham complex in five dimensions
withN = 1 supersymmetry is presented in [4] while that in six-dimensional curved, N = (1, 0)
superspace was constructed in [5]. In addition to these attempts at systematic studies, results
on specific such forms in superspace with and without (gauged) central charges (e.g. [6–8])
and their application to supersymmetric field theory (e.g. [9–14]), and gravity (e.g. [15–17])
are scattered throughout the literature.
In many of these studies, one is struck by the effort required to obtain the superfield
description of the p-form and the complexity of the structure of its components, even in flat
superspace. After all, the analogous problem in the theory of smooth manifolds is solved
universally by the Poincare´ Lemma: Any closed p-form ω on a contractible space is the
exterior derivative of a (p− 1)-form η, or dω = 0 ⇒ ω = dη. In the case of superforms, this
1
solution is unacceptable when given in local supercoordinates {zM} as ∂[M1ηM2...Mp](z) because
these components are not superfields. As we review below, one remedies this by passing to
a description in terms of frames and superspace covariant derivatives. This complicates the
problem because the former carry torsion and the latter are not differentials. Nevertheless,
the solution in superspace should not be as complicated as suggested by perusal of the
literature on the subject given that, in the end, it is just dη.
In this paper we attempt to show that the complexity of the standard calculational method
is due primarily to a redundancy in the analysis that can be avoided by carefully separating
the constraints on the superfields defining the components of the form. The problem of sep-
aration is solved automatically when the components of the form are interpreted as cocycles
in an algebraic differential complex (closely associated to the de Rham complex) that can be
thought of as encoding certain Fierz identities. Even the calculation of the Fierz identities
can be avoided almost completely because the only relevant ones follow immediately from a
famous γ-matrix identity valid in dimensions D = 2k + 2 (for appropriate spinor representa-
tions). Taken together, the computation of the components of the form and the constraints
on its defining superfield is reduced dramatically.1
Besides the practical aspect of reducing the work required to find the explicit structure of
closed differential forms in superspace, this interpretation of the problem elucidates certain
generic properties of the complices of super-cocycles in superspace. For example, we will
show that generally the complex will have loops (branching and fusion) and that some of its
p-cocycles are not the supersymmetric generalization of closed differential forms.
The interpretation we advocate in this paper applies to all superspaces, provided the
appropriate modifications are made. In order to avoid an overly-formal analysis, however,
we have opted to present the construction by focusing in detail on the case of flat five-
dimensional superspace.2 In doing so, however, we have used only those techniques that
apply to flat superspaces (without central charge) in any dimension. With this approach, we
hope to have succeeded in striking a balance between application and theory by explicitly
demonstrating the implementation of the method on a few examples while abstaining, where
possible, from the use of case-specific methods.
Outline We have structured the presentation as follows. In section 2 we begin with the
textbook definition of differential superforms. Following reference [5], we then introduce a
supercommutative algebra of auxiliary variables that allow us to recast the super-de Rham
complex into a calculationally more useful form. The resulting complex turns out to be
1In this work, we will not attempt to solve (in terms of prepotentials) the constraints arising on the
superfields that define the forms as such solutions are well-known in these cases. With this understood, by
“solving” the Bianchi identities for a form ω, we will mean only that we have found the components of ω
in terms of a specific field strength superfield φ and that we have found all of the constraints to which φ is
subject.
2A complete analysis of this complex is given presented in reference [4] without the use of the machinery
introduced here.
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the Chevalley-Eilenberg complex of the supersymmetry algebra with superfield coefficients.
This complex admits the action of a second differential (not commuting with the Chevalley-
Eilenberg differential) with respect to which the coefficients of the cocycles are coboundaries
and the constraints on the superfields that define it are in cohomology.
We then specialize to five-dimensional, N = 1 superspace in section 3 and explicitly show
how this reinterpretation of the de Rham complex is used to determine the components of the
cocycles and the constraints on their defining superfields for the cases p = 1, 2, and 3. In the
process, we discover that the complex splits and rejoins in the transition 1→ 2→ 3 thereby
creating a loop (cf. fig. 1). We also find that certain p-cocycles are not supersymmetric
versions of p-forms with, for example, the 3-cocycle having the interpretation of a multiplet
of superconformal gauge transformation parameters, instead.
We then switch gears in section 4 and discuss the embedding of the supersymmetric
de Rham complex in six-dimensional, N = (1, 0) superspace. Reducing back down to five
dimensions, we find a second complex related to the supersymmetric version of the relative de
Rham complex [18] of the embedding of the five-dimensional space into the six-dimensional
one. Here we find the missing closed 3-form and comment on its relation to “ectoplasm with
an edge” [19] and “Weyl triviality” [20].
We conclude in section 5 with a few comments regarding the interpretation and general-
ization of our results and their applications to open problems in superspace. In appendix A
we work out the two main formulæ generating the cohomology of the five- and six-dimensional
complices. We do this in a way that generalizes to any superspace that can be embedded as
a hypersurface in a “principal” superspace in which the pairing (spinor)⊗(spinor)→(vector)
of commuting spinors to make a vector is null. Presented in this way, the analysis may be
carried over to superspaces of other dimensions.
2 General Setup
A super-p-form ω is given in local coordinates by the formula [2, 21, 22]
ω =
1
p!
dzM1∧ . . .∧dzMpωMp...M1(z) (2.1)
with the collection of forms acted on by the supersymmetric analogue of the de Rham differ-
ential d = dzM∂/∂zM . Such a form is “closed” when dω = 0 and “exact” when ω = dη for
some form η of degree 1 lower. The super-analogue of the Poincare´ lemma states that any
closed form on a superspace with contractible body is exact so the solution to the condition
dω = 0 is ω = dη where η is only defined up to a redefinition by a closed term.
This solution, however, is not a superfield representation of supersymmetry because the
odd part of the super-de Rham differential does not commute with the supersymmetry gen-
erators, even in flat space. To remedy this, one passes to an invariant framing
d = dzM∂M = e
ADA, (2.2)
3
where {eA} denotes a basis of the left-invariant 1-forms of the super-translation group and
DA are the supercovariant derivatives that commute in the graded sense with translations.
In this description, the form is re-expressed as
ω =
1
p!
eA1∧ . . .∧eApωAp...A1(z). (2.3)
and its components {ωAp...A1(z)} are all superfield representations of the translation superal-
gebra (supersymmetry algebra). The price to pay for this is that the frames carry non-zero
torsion
deA = TA (2.4)
even in flat superspace, and the equations for the components of a closed form become the
“Bianchi identities”
1
(p+ 1)!
(dω)A1...Ap+1 =
1
p!
D[A1ωA2...Ap+1] +
1
2!(p− 1)!
T[A1A2|
CωC|A3...Ap+1] = 0. (2.5)
2.1 The Chevalley-Eilenberg Complex
In reference [5] it was advocated that the presentation and analysis of the super-de Rham
complex in six-dimensional, N = (1, 0) superspace is simplified by the introduction of a
supercommutative set of variables sA to replace the frames eA.3 In contrast to the frames,
the new variables are constants dsA = 0 so that by replacing e → s everywhere, we are
constructing a new complex in which the differential is no longer the original de Rham
differential and the torsion must be treated separately. Splitting the sA variables into a
spinor part, denoted by s, and a vector part, denoted by ψ, differential forms fan out into a
collection of objects
ωs . . . s
︸ ︷︷ ︸
s
ψ . . . ψ
︸ ︷︷ ︸
p−s
= sα1 . . . sαsψa1 . . . ψap−sωα1...αsa1...ap−s (2.6)
graded by number of ss (and total degree p).
For the sake of clarity of exposition we now specialize to flat space.4 Then the collection
of components is acted on by the graded derivations Ds = s
αDα and ∂ψ = ψ
a∂a which satisfy
the flat-space covariant derivative algebra rules expressed succinctly by the single non-trivial
relation
D2s = i∂γ(s,s). (2.7)
3The utility of such variables goes far beyond this by aiding in the identification of certain integrable
distributions that, in turn, simplify the classification of superconformal field representations and assist in the
construction of supersymmetric integration measures. We do not address this further in this work (but see
e.g. ref. [5] for the relation to six-dimensional curved projective superspace [23]).
4We comment on the generalization to curved superspace in section 5.
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Here and throughout, we employ a compact notation in which indices contracted with an
object are labelled by that object, and γ(s, s) stands for the vector sαsβ(γa)αβ so that, for
example, ∂γ(s,s) is the combination s
αsβ(γa)αβ∂/∂x
a.5
In the new complex, the differential of a form {ωs...sψ...ψ} is defined by the collection of
expressions
B(ω)s . . . s
︸ ︷︷ ︸
s+1
ψ . . . ψ
︸ ︷︷ ︸
p−s
:= (s+ 1)Dsωs...sψ...ψ − (−1)
s(p− s)∂ψωs...sψ...ψ + i(−1)
ss(s+ 1)ωs...sγ(s,s)ψ...ψ,
(2.8)
where s, when used as a coefficient, stands for the number of spinor variables sα in the formula
save one. Note that these are proportional to the components of the Bianchi identities (2.5)
with s and ψ variables contracted. That is, B(ω)s...sψ...ψ ∝ (dω)s...sψ...ψ. That the map
ω 7→ B(ω) is a differential follows from the “Bianchi identity for Bianchi identities”
(s + 1)DsBs...sψ...ψ − (−1)
s(p− s)∂ψBs...sψ...ψ + i(−1)
ss(s+ 1)Bs...sγ(s,s)ψ...ψ = 0, (2.9)
which follow from B(B(ω))s...sψ...ψ ∝ B(dω)s...sψ...ψ ∝ (ddω)s...sψ...ψ ≡ 0.
We claim that B (considered as a map ω 7→ B(ω)) is equivalent to the Chevalley-Eilenberg
differential dCE [24] for the superalgebra of odd and even translations generated by Q and
P , respectively.6 The latter is defined on a complex with a basis freely generated by the s
and ψ variables. Then dCE = Pψ + Qs + . . . where the corrections are terms proportional
to the structure constants of the Lie superalgebra that ensure that d2CE = 0 on Lie algebra
cocycles. This uniquely determines dCE = Qs + Pψ + ιγ(s,s) where ιvωs...sψψ...ψ = ωs...svψ...ψ
denotes contraction by the vector v. In particular, by the supersymmetry algebra,
{Qs, Qs} = −2Pγ(s,s) ⇒ d
2
CE = QsQs + Pγ(s,s) = 0. (2.10)
The action of the Lie superalgebra embeds in the super-vector fields on the supermanifold
on which the superfields are defined and, thus, acts on the superfields as graded derivations.
Although it is conventional to define the Chevalley-Eilenberg differential by the action of the
generators of the Lie algebra, in our case it is more convenient (and equivalent) to define the
action on the module of superfields by the covariant derivatives instead. Thus, we conclude
that the super-de Rham complex is equivalent to the Chevalley-Eilenberg complex for the
supersymmetry algebra with values in the module of superfields.7
The Chevalley-Eilenberg complex for the supersymmetry algebra has been investigated
extensively by Brandt [25–28] who relates this cohomology to a reduced cohomology, as we
5In five and six dimensions, the spinor representation used is pseudo-real and the Pauli matrices are anti-
symmetric so that ∂γ(s,s) really stands for s
αisβjεij(γ
a)αβ . Such nuances are not important for our exposition
so we will suppress them throughout this section (but see appendix A).
6This observation is due to Paul Green.
7Taken together with the conclusions reached in reference [5], a version of this statement is expected to
hold also for the Chevalley-Eilenberg complex in curved homogeneous superspaces. We defer discussion of
this possibility to section 5.
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do in the next section. In this approach, an obstruction theory is developed to check when
a solution to the cohomology of the reduced complex lifts to a solution of the full complex.
This analysis was extended by Movshev, Schwarz, and Xu to the super-Poincare´ algebra
in [29,30]. In the next section we take a different approach that exploits the behavior of the
Bianchi-for-Bianchi identities (2.9) under contraction by the reduced differential.
2.2 Reduction of Coefficients
The conclusion reached in the previous section, while useful for theoretical purposes, does
not, in itself, help us to solve the superspace Bianchi identities. For this, we introduce another
complex. Rather, we recognize that (our version of) the Chevalley-Eilenberg complex already
admits the action of a differential δ := ιγ(s,s) taking the s|p component of a cocycle to the
(s+ 2)|(p− 1) component of another cocycle.
Suppose we have a p-cocycle ω satisfying the condition that, for some ℓ, the Bianchi
identities
B(ω)s . . . s
︸ ︷︷ ︸
p+1−q
ψ . . . ψ
︸ ︷︷ ︸
q
= 0 (2.11)
hold for all q ≤ ℓ. We will say that ω solves its Bianchi identities (or is closed) up to level ℓ.
(In particular, ω is closed iff it is solved up to level ℓ = p+ 1.) Next, we observe that in the
Bianchi for Bianchi identity (2.9) the component with the highest number of bosonic indices
is the last one and that the others have 1 or 2 fewer such indices (and, correspondingly, that
many more spinor indices). Suppose then, that the p-cocycle ω is solved up to level ℓ. Then
equation (2.9) implies that
B(ω)s . . . s
︸ ︷︷ ︸
p−ℓ
γ(s,s)ψ . . . ψ
︸ ︷︷ ︸
ℓ
= 0 ⇒ B(ω)s . . . s
︸ ︷︷ ︸
p−ℓ
ψ . . . ψ
︸ ︷︷ ︸
ℓ+1
∈ ker δ. (2.12)
In other words, the “next” component of B(ω) is a cocycle of the new differential.
From the algebraic standpoint, the space of components of a p-cocycle is an ordinary real
vector space so that the space of all such cocycles splits into those that are annihilated by δ
and those that are not. Let us denote by Z the subspace of ones that are (the δ-cocycles).
In this language, we have just found that the “level-(ℓ+ 1) component” of the Bianchi form
sits in Z. Since δ is a linear map, Z itself splits into Z = B ⊕H where B := im δ consists of
coboundaries, and the cohomology H = Z/B is its complement.
Now consider the level-(ℓ+1) Bianchi components of a p-cocycle that has been solved up
to level ℓ:
B(ω)s . . . s
︸ ︷︷ ︸
p−ℓ
ψ . . . ψ
︸ ︷︷ ︸
ℓ+1
= (s+ 1)Dsωs...sψ...ψ − (−1)
s(p− s)∂ψωs...sψ...ψ + i(−1)
ss(s+ 1)ωs...sγ(s,s)ψ...ψ.
(2.13)
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This expression, again, splits into B ⊕H , and it is clear that the last term is entirely in B.
Splitting this equation thus, there is a part of the first two terms that sits in B while the
rest sits in H . When we solve this Bianchi identity (i.e. set this component of B(ω) → 0),
the terms in B and H must cancel separately (B ∩ H = {0}) and we find that the next-
level component (corresponding to the last term) is the part of the first two that sits in B.
Furthermore, the remaining part, which sits in H and must vanish separately, represents a
condition on the lower components of ω. That is, it is a constraint on these components.
Proceeding by induction on the level ℓ = 0, . . . , p+ 1, we see that the constraints on the
components of the cocycles are determined at each level by the algebraic structure of H while
the definition of the components themselves are determined by that of B:
components of the p-cocycle ←→ B = coboundaries of δ
constraints on “solution” ←→ H = cohomology of δ
. (2.14)
With this, we have translated the superspace differential geometry problem of solving the
Bianchi identities for a closed superform into an algebraic cohomology problem.
2.2.1 An Aside on the Mathematical Interpretation
The construction in this section has a simple mathematical interpretation, which we
describe briefly (and without pretense of mathematical rigor). First, we found in section 2.1
that the original super-de Rham complex for the superspaceM is equivalent to the Chevalley-
Eilenberg complex Ω•CE(g,OM) of the supersymmetry algebra g of supertranslations of onM
with values in the g-module OM of superfields on M . The differential dCE of this complex
contains the differential δ introduced in this section and, in fact, reduces to it when the
superfields on which it acts are constant. The conclusions reached in section 2.2, therefore,
can be interpreted to mean that the problem of finding the closed super-de Rham forms and
their constraints reduces to the cohomology of the Chevalley-Eilenberg complex with constant
coefficients tensored by the module of superfields on M . That is, very roughly speaking,
Ω•dR(M,OM) ∼ Ω
•
CE(g,OM) ∼ OM ⊗Ω
•
CE(g,R). In the terminology of references [31,32], one
could say that “ectoplasm has no topology”. Note however, that in a more precise version
of this formula, there will be a sum over non-trivial Lorentz and iso-spin representations in
which the Chevalley-Eilenberg groups will take values [24].
3 Five-dimensional, N = 1 super-de Rham Complex
Our goal in this section is to apply the machinery we have proposed in section 2 to derive
the complex of closed super-de Rham forms [1, 2] to the case of flat five-dimensional, N = 1
7
superspace [33]. To do this, we need only the completeness relation8
XsYs =
1
8
s2X iYi −
1
8
(X iΓΓ(s,s)Yi) +
1
2
Σaˆbˆ(si, sj)(XiΣaˆbˆYj), (3.1)
for any two co-spinors X and Y and the cohomology of the complex with constant coefficients
of section 2.2. In this superspace, this is generated entirely by the single non-trivial relation
(cf. eq. A.8)
Γaˆ(s, s)Σaˆbˆ(s
i, sj) = 0. (3.2)
These two algebraic relations suffice to find the components and constraints of the closed
super-de Rham forms in five-dimensional, N = 1 superspace, as we now show.
3.1 Closed Super-1-form
A super-1-form A is given in our complex as a pair (As, Aψ) subject to the vanishing of
the Bianchi components (2.8)9
Bss = 2DsAs + 2iAΓ(s,s)
Bsψ = DsAψ − ∂ψAs
Bψψ = ∂ψAψ. (3.3)
Noting that δBss is trivially 0 (so Bss ∈ Z is a cocycle), we now solve Bss = 0 by expanding
out the first term using (3.1). The coboundary part (the part in B = imδ) is
−1
4
DiΓΓ(s,s)Ai + 2iAΓ(s,s) = 0 ⇒ Aψ = −
i
8
DiΓψAi, (3.4)
thereby defining the Aψ component in terms of As. Here we are using the facts that (i) we
are allowed to solve δ(. . . ) = 0 in B up to a δ-closed term zψ, and (ii) since there is no cocycle
at this level (δz 6= 0 unless z = 0), there is no such “algebraic integration constant”.
Now that we have removed the coboundary part B from Z = B ⊕ H , there is only the
cohomology H left. This part is given by the remaining terms
s2DiAi + 4Σ
aˆbˆ(si, sj)(DiΣaˆbˆAj) = 0, (3.5)
which are linearly independent as bilinears in s. As such, we see that, at this level, H =:
H(1) ⊕H(2) has two parts with each giving an independent constraint
C := DiAi = 0 and Caˆbˆij := D(iΣaˆbˆAj) = 0. (3.6)
8As explained in appendix A, the coefficients in the completeness relation (A.9) are fixed by matching
to the conventions established in reference [33] and contain no important information. Nevertheless, these
coefficients enter into the definition of the components and the explicit form of the constraints so they are
needed for comparison to existing results.
9Note that in five dimensions the natural index contraction is AαˆBαˆ and so here we are defining Γ
aˆ(s, s) :=
sαˆi(Γaˆ)αˆ
βˆs
βˆi
which is off by a sign from the six-dimensional contraction γa(s, s) = sα(γa)αβs
β .
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These equations can be solved in terms of some prepotential, but we will not need this
solution explicitly here.10
We have “solved” the level-0 Bianchi identity in the sense that we have identified the
superfield-strength (As) and the constraints that the level-0 Bianchi identity imposes on it
(3.6). The level-1 identity has no coboundary part, consistent with the fact that there are
no more components of A left to determine. The cohomology at this level consists of all
superfields of the form Fsψ that are annihilated by δ (i.e. a cocycle)
FsΓ(s,s) = 0 (3.7)
but are not coboundaries. Since coboundaries must have at least two ss, anything satisfying
this equation is automatically in cohomology and, therefore, a constraint. However, the only
identity that generates cohomology has 4ss (cf. eq. 3.2) so that at this level, H = {0},
indicating that there are no more relations. This same reasoning applies mutatis mutandis to
the level-2 Bianchi component. Therefore, our analysis of the closed super-1-form is complete.
3.2 Closed Super-2-form
We now repeat the analysis for the case of the closed super-2-form. The Bianchi compo-
nents (2.8) are
Bsss = 3DsFss − 6iFsΓ(s,s)
Bssψ = 2DsFsψ + ∂ψFss + 2iFΓ(s,s)ψ
Bsψψ = DsFψψ − 2∂ψFsψ
Bψψψ = 3∂ψFψψ. (3.8)
When we solve the level-0 identity, we encounter a new phenomenon: non-uniqueness of
the solution. The forms in the de Rham complex have the property that they obstruct the
closure of the previous form in the sequence. In this particular case, there are two choices
corresponding to the obstruction of either of the two constraints in (3.6) and to proceed, we
must select one of these two branches. We will revisit the non-uniqueness implied by the
level-0 Bianchi identity in section 3.3.2 but here we choose to present the analysis for the
familiar case corresponding to the Lorentz and iso-spin singlet combination. That is, we take
Fss = 2is
2W and Fsψ = −s
iΓψDiW, (3.9)
10We are not claiming that the homological algebra procedure of section 2 solves superspace constraints in
terms of prepotentials. Rather, it merely finds these constraints for us. On the other hand, these superspace
constraints are typically solved on some integrable subspace of the superspace augmented by the s and
ψ variables (i.e. the superfield module in which the Chevalley-Eilenberg complex takes values). Famous
examples include the chiral subspaces of ordinary superspaces [2, 21], the analytic subspaces of harmonic
superspaces [34, 35], and the projective [36–38] and pure spinor superspaces [39] themselves.
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for some scalar superfield W with the normalization chosen to agree with [4,33]. (Note that
in five dimensions we must have Fss 6= 0 due to the first equation in A.8.)
At level 1, the coboundary part defines the Fψψ component:
−1
2
DiΣΓ(s,s)ψDiW + 2iFΓ(s,s)ψ = 0 ⇒ Fψψ = −
i
4
DiΣψψDiW, (3.10)
where we have, again, used the fact that δ is uniquely invertible in B. With this component
fixed, the remaining part(s) of the identity are in cohomology H and define constraints.
Having used up the DiΣΓ(s,s)ψDiW part in DDW , the remainder of the first term is a ∂W
term and a (sΣs) ·DΓDW part. These are, again, in different irreducible representations of
Lorentz and isospin symmetry and, since the ∂W terms cannot form a cocycle by themselves
(unless W is constant), the partial terms must cancel. This leaves the term
siΣψaˆs
jD(iΓ
aˆDj)W = 0 ⇒ Caˆij := D
2
aˆijW = 0, (3.11)
which is, indeed, the only cohomology (cf. eq. 3.2) at this level. Here we have defined
the shorthand D2aˆij :=
1
2
D(iΓaˆDj) as this operator appears repeatedly in constraints and the
definition of components. The condition D2aˆijW = 0 is the defining constraint on the field
strength superfield of the five-dimensional, N = 1 vector multiplet [33].
This completes the analysis of the level-2 Bianchi identity. In the previous subsection,
we saw that there were no further conditions imposed at the next two levels (no cohomology
there). Closer inspection of that argument implies that the same holds in this case. Indeed,
it is never necessary to check these last two identities since there cannot be any cohomology
when there are fewer than two ss. In fact, it is easy to see that there cannot be any cocycles
at all at this level since no non-trivial combination zsψ...ψ is annihilated by δ (provided there
is at least one ψ). We conclude that when s < 2 (and p > 0), Z = {0} and, therefore,
there are no new components to define nor constraints to impose. Let us refer to this as the
“2ss argument” to distinguish it from the “4ss” argument given at the end of section 3.1 in
relation to equation (3.2).11
3.3 Super-3-cocycle
The Bianchi identities for a super-3-cocycle (2.8) are
Bssss = 4DsHsss + 12iHssΓ(s,s)
Bsssψ = 3DsHssψ − ∂ψHsss − 6iHsΓ(s,s)ψ
Bssψψ = 2DsHsψψ + 2∂ψHssψ + 2iHΓ(s,s)ψψ
Bsψψψ = DsHψψψ − 3∂ψHsψψ
Bψψψψ = 4∂ψHψψ. (3.12)
11This argument generalizes effortlessly to other superspaces. For a slightly more in-depth treatment
of principal superspaces and a proof of the statement that the top two Bianchi identities impose no new
constraints, see reference [40].
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We proceed with the de Rham sequence by interpreting the components of the closed 3-
cocycle H as the obstruction to the closure of the 2-from of the previous section. As the
unique constraint on the superfield W is the condition D2aˆijW = 0 (3.11), we take a field Haˆij
of the same form. That is, we set
Hssψ = −(s
iΣψ
aˆsj)Haˆij. (3.13)
Note that this component is a cocycle so that the level-0 Bianchi identity is solved with
Hsss = 0 (and, therefore, implies it).
With this “initial condition” in place, the rest of the argument is the same as in the
previous two cases. The coboundaries at levels ℓ = 1 and ℓ = 2 give the components
Hsψψ =
i
12
εψψ
aˆbˆcˆsiΣaˆbˆD
jHcˆij and Hψψψ =
1
48
εψψψ
aˆbˆD2aˆijH
ij
bˆ
. (3.14)
The cohomology at these levels is given by the 4ss argument. For level 1, the identity (3.2)
implies that (after stripping off the ss and ψs)
(Σaˆbˆ)(αˆβˆDγˆ)(kH
bˆ
ij) = 0. (3.15)
This identity is equivalent to
[
δbˆaˆδ
βˆ
αˆ +
1
5
(ΓaˆΓ
bˆ)βˆαˆ
]
Dγˆ(kHbˆij) = 0, (3.16)
where the operator in square brackets projects onto the Γ-traceless subspace. Therefore
Caˆγˆijk := Dγˆ(kHaˆij) − Γ-trace = 0. (3.17)
At level 2, the same equation is used (as always) but this time there are two ψs so that the
constraint is a Lorentz scalar and iso-spin triplet
Cij := D
2
aˆk(iH
aˆ k
j) + 6i∂aˆH
aˆ
ij = 0. (3.18)
3.3.1 Independence of Constraints
An important question in the analysis of constraints is that of their independence. In the
case currently under consideration, for example, one would like to know whether (3.17) and
(3.18) are compatible (in the sense that they admit non-constant solutions) and what part of
the former (if any) is already implied by the latter. For example, it is a priori possible that
Cij ∝ D
kΓaˆCaˆijk, in which case, Cij = 0 does not imply any new conditions, or the opposite
extreme in which the two constraints together have no non-constant solutions.
In fact, the cohomology of the algebraic complex ensures that there is no overlap at all
since the image of Caˆγˆijk is in an entirely different linear subspace than that of Cij . In this
particular example, this is expressed by the fact that DkΓaˆCaˆijk ≡ 0 by (3.17). Equivalently,
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although DδˆlCaˆγˆijk has a part of the form (DC)aˆ,bˆ ijk,l and this has both a symmetric and anti-
symmetric part, the Γ-tracelessness of Caˆγˆijk ensures that the symmetric part is traceless.
Therefore (DC)aˆ,bˆ ijk,l represents all the Lorentz-irreducible parts except the trace so that
DδˆlCaˆγˆijk and Cij are unrelated.
For higher cocycles and higher-dimensional constraints, the line of argument constructed
directly from the superspace D-algebra becomes increasingly more complicated. By contrast,
the homological argument is universal: Constraints arising from different levels of the Bianchi
identities sit in different linear subspaces of the total cohomology H and are, therefore,
linearly independent.
3.3.2 Departure from de Rham p-forms
We now come to our second surprise: The superfield H , derived from a 2-form by ob-
structing its defining constraint, is not the super-symmetric generalization of a closed bosonic
3-form. By the latter, we mean an irreducible superfield that contains a closed 3-form, its
superpartners, and perhaps other fields needed to complete the representation. For example,
a supersymmetric version of Haˆbˆcˆ would contain the on-shell component fields (Φ, ψαˆi, Haˆbˆcˆ),
perhaps together with some auxiliary fields that allow an off-shell description. There are
many ways to show that the field Haˆij derived here cannot describe such an irreducible
representation.12
What, then, is the super-3-cocycle Haˆij? Since it was derived from supergeometry, one
expects there to be some interpretation of such a superfield. There are (at least) two answers
to this question. One is that composite cocycles are often of this form. This possibility is
explored in some detail in reference [5] and we will not repeat that analysis here as much of
it can be recovered from dimensional reduction (cf. §4).
Another interpretation is that it describes local superconformal gauge transformation
parameters of the supergravity to which these forms couple. This interpretation was first
recognized in an unrelated work [41]. In the context currently under consideration, this can be
seen most clearly by comparing the “solution” Haˆij = D
2
aˆijσ for an unconstrained superfield σ
to the local superconformal transformation for this superspace derived in reference [42]. This
interpretation “lifts” to six dimensions where it applies to the 4-cocycle (cf. §4) (although
this interpretation was not given in reference [5]) and seems to be the case “generically” in
D > 4, as we now argue.
Consider a collection of five-dimensional cocycles, the lowest non-vanishing components
12For example, because of the Lorentz index, the lowest components cannot be propagating fields and
would have to be auxiliary fields. However, such superfields cannot give rise to a dynamical multiplet. We
thank S. James Gates, Jr. for pointing this out.
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of which have two spinor indices:
ωss = s
2α + βΓ(s,s) + Σ
ab(si, sj)γab ij
ωssψ = (s
2αψ + Γψ(s, s)α
′) + βΓ(s,s)ψ + Σψ
a(si, sj)γa ij
ωssψψ = (s
2αψψ + Γψ(s, s)α
′
ψ) + βΓ(s,s)ψψ + Σψψ(s
i, sj)γij
ωssψψψ = (s
2αψψψ + Γψ(s, s)α
′
ψψ) + βΓ(s,s)ψψψ + Σψψ(s
i, sj)γψ ij
...
(3.19)
Of these columns, the βs are pure gauge in the sense that there is a form ω′ in the same
cohomology class as ω that does not have this term. (In the superspace literature, choosing
β = 0 is an example of a “conventional constraint”.) None of the α terms after the first
one are δ-cocycles while all of the γ terms represent cocycles except for the last one. We
recognize in this table that the closed p-forms for low p (only p = 2 in this example) come
from the α series whereas the closed p-forms for high p, that is, low codimension, come
from the γ series. In particular, the 4-form is implied by the results of section 3.3 to be γij
since it is sourced by the constraint (3.18). This is the linear superfield which describes the
irreducible supermultiplet containing the Hodge dual of a closed codimension-1-form (see,
for example, [4] and references therein).
Although we are presenting this in the context of D = 5, it is not difficult to see that
this structure generically gives rise to two series of cocycles (here called α and γ) that have
form interpretations for low and high values of p, respectively. When D = 4, the end of the
α series abuts the γ series precisely at the crossover point, but when D > 4 a “gap” opens
up in which we find cocycles that do not necessarily have an interpretation as irreducible
supermultiplets containing a closed p-form. In sum, we have found that, in general,
super-de Rham p-cochain ⇐=⇒× supersymmetrization of de Rham p-form
From the point of view of four-dimensional, N = 1 superspace [1,2], this conclusion may
be somewhat surprising since there is no “gap” in this superspace. Nevertheless, we can
recover the analogous cocycle in this complex by not assuming the vector multiplet field
strength W α to be chiral. That is, when we obstruct the vector multiplet Bianchi identity
D¯α˙Wα −DαW¯α˙ = 0 with a superfield, we get precisely the form of the gauge transformation
of the conformal graviton δHαα˙ = D¯α˙Lα −DαL¯α˙ [2, 21].
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Finally, we comment briefly on the branching and fusion of the super-de Rham complex.
The results of this section can be summarized by the the diagram in figure 1 representing
the structure of the complex of super-p-cocycles.
There is only a single branching and subsequent fusion in the 1→ 2→ 3 transition. The
branching is due to the fact that there were two constraints on the closed 1-form field strength
13In this interpretation, the Bianchi for Bianchi identity suggests that there is a superfield Ga built out
of H such that Ga(δH) = 0. The four-dimensional, N = 1 super-Einstein tensor is such a superfield and
precisely this interpretation emerges from a reduction of a certain five-dimensional superspace [41].
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Caˆij
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0 // 1
Caˆbˆij
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C ❄
❄❄
❄❄
❄❄
❄ 3
Cij
// 4 // 5
2
Caˆij
??⑧⑧⑧⑧⑧⑧⑧⑧
Figure 1: Loops in the super-de Rham complex
When the reduced cohomology is reducible as a representation of the Lorentz group, branching
happens in the super-de Rham complex due to the ability to source more than one constraint to
generate a cocycle of in the next degree. These must eventually re-collapse by irreducibility of the
cohomology in higher degree.
(3.6). The fusion is a consequence of the fact that the constraints on the field strengths of
the closed 2-form and 2′-cocycle are isomorphic as representations of the structure group:
Repeating the homological analysis in the latter case implies that the 2′-cocycle is defined
by a superfield of the form Waˆbˆij subject to the dimension-2 constraint D
2bˆ
k(iWaˆbˆj)
k + · · · = 0
(see ref. [4] for details). This outcome was guaranteed by the uniqueness of the cohomology
found in section 3.3 for the 3-cocycle.
One may be tempted to speculate on the possibility of further branching, but this is
ruled out by (3.19), interpreted now as describing the components of Bianchi forms. That
is, branching occurs when one of the components has non-vanishing entries in both the α
and the γ series. In this case, it happens only in the first line, corresponding to Bss ∼
s2C +Σaˆbˆ(si, sj)Caˆbˆ ij. After this, only the γ series can contribute so the rest of the complex
is linear. Note, however, that this does not preclude the possibility of additional fusion. In
order to have fusion without branching, one would need new forms that do not come from
the super-de Rham complex but map into it under the action of the de Rham operator. We
will see examples of such forms in the next section.
After this excursion into the non-p-form nature of certain cocycles of the super-de Rham
complex (corresponding to the Lorentz non-singlets of the γ series of (3.19)), we now return
to the question of the missing closed 3-form.14
4 Relative Cohomology
In this section, we consider the relation of the five-dimensional, N = 1 super-de Rham
complex to that in six dimensions with N = (1, 0) supersymmetry [5]. Since our formulæ of
14The remaining forms in the super-de Rham complex can be found by the homological algebra argument
from section 2.2 with no new surprises. As our focus here is on the methodology, we present the complete
results of this analysis in an accompanying work [4].
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section 2 were written without committing to any particular superspace, the results of that
section apply equally to the six-dimensional setting.
Again for simplicity, we specialize to flat superspace. For the purposes of exposition, let
S and M denote the five- and six-dimensional superspaces respectively, and let f : S →֒ M
denote the inclusion. We dimensionally reduce the components (2.8) of the Bianchi form,
thought of as a six-dimensional formula on M , to the five-dimensional S. This codimension-
1 reduction is particularly simple because, as reviewed in appendix A, the N = 1 spinor
representations in five and six dimensions are isomorphic.
Let θ˜p denote a closed super-p-form on M . We pick a direction ∂6 in M orthogonal
to S and let θp := f
∗θ˜p, β˜p−1 := ι∂6 θ˜p, and βp−1 := f
∗β˜p−1 denote the restrictions of the
components of the form to S. The reduction of the Bianchi identities is achieved by either
(i) wedging with dx6 and then truncating to the subspace defined by x6 = 0, or (ii) acting
by contraction ι∂6 and then restricting. These cases give, respectively,
(s+ 1)Dsθs...sψ...ψ − (−1)
s(p− s)∂ψθs...sψ...ψ − i(−1)
ss(s+ 1)θs...sΓ(s,s)ψ...ψ
+ i(−1)ss(s+ 1)cssβs...sψ...ψ = 0
(s+ 1)Dsβs...sψ...ψ − (−1)
s(p− s)∂ψβs...sψ...ψ − i(−1)
ss(s+ 1)βs...sΓ(s,s)ψ...ψ = 0, (4.1)
where css = T
6
ss = s
2 denotes the contribution coming from the 6-component of the six-
dimensional torsion. In de Rham notation, these read
dθp − c2 ∧ βp−1 = 0 and dβp−1 = 0. (4.2)
Defining the six-dimensional (p + 1)-form ωp+1 := c2 ∧ β˜p−1, the first equation can be
rewritten as f ∗ω = dθ. Then the pair (ω, θ) ∈ Ωp+1(M)×Ωp(S) define a (p+1)-cocycle in the
relative de Rham complex of S inM with differential defined by d(ω, θ) := (dω, f ∗ω−dθ) [18].
Precisely this cohomology theory was used in reference [19] to define integration on a D-
dimensional superspace with a (D − 1)-dimensional boundary for D = 4 and D = 5.
For our purposes (and those of ref. [19]), the salient feature of the relative cohomology
complex is that it allows the construction of closed p-forms in five dimensions. In our case,
they come from a single p-cocycle θ˜p in six dimensions that reduces to a p-cochain θp and a
(p− 1)-cocycle βp−1. Solving the condition dβ = 0 as β = dα for a (p− 2)-cochain αp−2, we
obtain a five-dimensional p-cocycle θ′p by setting
θ′p = θp − c2 ∧ αp−2 ⇒ dθ
′
p = 0. (4.3)
The ability to construct a cocycle from the difference of two cochains in a closely related
superspace was called “Weyl triviality” in reference [20]. Here we are finding that the two
required cochains exist, and have the correct property, because they descend from a single
cocycle in one higher dimension.
In the explicit s/ψ-component version of the formula (4.3), the components of α generally
start at a lower level (i.e. with more spinor indices) than those of θ, thereby avoiding the
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inconsistencies in the Bianchi identities at the lowest levels for θ alone and rendering the
Bianchi identities for θ′ consistent. Conversely, at the higher levels, this α correction goes to
0, not contributing to the final two components of θ′ (as is easily seen since these components
have s < 2). We represent this structure of θ′ in figure 2. We now illustrate this construction
explicitly in the case of the relative 3-cocycle.
· · · · · ·
· · · · · ·
θp
c2 ∧ αp−2
Figure 2: The structure of super-cocycles in relative cohomology
The black nodes represent contributions to θ′ with the level increasing from right to left. The rungs
of the ladder represent the components of θ′ that require terms from both θ and c∧ α (represented
by nodes on the respective stiles).
4.1 Example: The Missing 3-form
In section 3.3 we saw that the de Rham 3-cocycle is not the supersymmetrization of
the bosonic de Rham 3-form. Here, we will construct the missing 3-form from the relative
cohomology of a super-de Rham 3-cocycle on a hypersuface in six-dimensional superspace.
According to the discussion above, we reduce the six-dimensional 3-cocycle H˜3 → H3, F2 and
solve dF = 0 as F = dA. Then, by the usual homological argument, the δ-coboundary terms
give the following components for the closed 3-form H ′:
H ′sss = −s
2As H
′
sψψ =
i
4
siΣψψDiΦ
H ′ssψ = Γψ(s, s)Φ− s
2Aψ H
′
ψψψ =
3
16
DiΣψψψDiΦ
(4.4)
where Φ = i
24
DαˆiAαˆi and Aψ = −
i
24
DiΓψAi. Similarly, the level-ℓ = 1,
3
2
, and 2 δ-cohomology
imply, respectively, the constraints
D(αˆ(iAβˆ)j) = 0, 6(ΓaˆDi)αˆΦ + 3(ΣaˆbˆDi)αˆA
bˆ − ∂ bˆ(ΣaˆbˆAi)αˆ = 0, and D
2
ijΦ = 0. (4.5)
Again, we will not solve these equations here,15 but we can use them to show that they give
a superfield representation of the closed 3-form. Acting on the second constraint in (4.5)
with a Dαˆ(j and using the first condition, it follows that D
2
aˆijΦ = 0, which we recognize as the
defining condition (3.11) on the closed 2-form to which a closed 3-form is Hodge dual.
15The first constraint was solved by Koller in six dimensions [43] in terms of Mezinc¸escu’s prepotential [44].
Alternatives to this are known in harmonic [33] and projective superspace [23].
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Together with the third constraint, this implies that this superfield representation of
the closed 3-form, while irreducible, is on-shell. One way to see this is that D2ijW = 0 is
the equation of motion of the five-dimensional vector multiplet [33] to which the tensor is
dual. Thus, a superfield satisfying both of these equations is equivalent to an on-shell vector
multiplet. This is unsurprising considering that this representation descends from the chiral
3-form [11] in the six-dimensional complex, which is on-shell. (Note, however, that this is
not a rule.) An explicit component analysis confirms this interpretation [4].
We note the following features of this relative 3-cocycle:
1. The natural ansatz Hssψ = Γψ(s, s)Φ (bottom stile of figure 2) fails to close the low-
est Bianchi identity without the help of A because Γψ(s, s) is not a δ-cocycle in five
dimensions.
2. This ansatz, on the other hand, does give the correct definition of the top two compo-
nents of the 3-form. This is consistent with the fact that A cannot contribute to these
components since c ∧ A has at least 2ss. This corresponds to the two empty nodes at
the top left of figure 2.
3. In figure 2, there is only one rung for p = 3 corresponding to both Φ and A contribut-
ing to H ′ssψ. (For p > 3 there could be more depending on the number of non-zero
components in the higher-dimensional form.)
4. The lowest two components are not gauge invariant under As 7→ As +Dsλ.
This concludes our demonstration of the homological method for the relative de Rham co-
homology. The remaining forms discovered in this way are illustrated in figure 3 where their
relationship to the de Rham forms is displayed.
5 Outlook
In an effort to understand the structure of differential forms in superspace, we have
investigated the super-de Rham complex of cocycles in five dimensions and its relation to the
analogous complex in six dimensions. Among the things we have learned is that the cocycles
we need are to be found in the Chevalley-Eilenberg complex of the supersymmetry algebra
with values in superfields and that their components can be computed with minimal effort
from that same complex with constant coefficients. The cohomology of the latter generally
reduces to a few (one in 5D and two in 6D) non-trivial terms that determine the structure of
the entire complex. In the cases we considered, this structure branched and fused creating
loops in what is usually a linear chain complex.
We have also learned that such cocycles generally fail to be supersymmetric p-forms in the
sense that they do not describe irreducible supermultiplets containing a closed form of degree
p. This knowledge is prerequisite to the construction of dynamical theories in superspace. For
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A W Φ G K
X H
Y Z
Figure 3: Topology of the five-dimensional superform “complex”
The top and bottom rows consist of the (non-matter) relative cohomology forms and the (non-
matter) super-de Rham forms, respectively, whereas the matter multiplets have been arranged to
lie on the middle row. The solid lines denote the action of the super-de Rham differential d. (The
dashed line represents an unknown map; the other unknown maps have been omitted.) The blue
lines indicate that these forms result from supersymmetrizing the bosonic de Rham complex, while
the red lines trace the super-de Rham complex. (Purple lines are both.) We have also included
the additional forms not otherwise mentioned: the alternative 2-form X
aˆbˆij
, the alternative-and-
relative 3-form Y
aˆbˆij
, and the relative 4-form Zaˆij . (It turns out that the would-be relative 2-form
is equivalent (up to zero mode) to the super-de Rham 2-form W so it has been dropped from the
top row.)
example, it is clear now that, were one to attempt to describe the gauge theory of a dynamical
2-form, one should take as a starting point the closed 3-form of the relative super-de Rham
complex rather than the 3-cocycle of the de Rham complex. This insight also leads to the
reinterpretation of the 3-cocycle as conformal supergravity gauge transformation parameters
or, possibly, composite forms needed to preserve the DG-algebra structure as was found to
be the case in six dimensions [5]. Finally, we gained insight into “ectoplasm with an edge”
constructions [19] and the higher-dimensional origin of Weyl triviality [20].
There are many directions in which to expand this line of investigation, of which we
mention two. Firstly, there is the extension to superspaces of dimension other than 5 and 6.
For these applications, the superspaces for which the vector γa(s, s) is null have the simplest
cohomological structure, as is suggested by the exposition in appendix A. These famously
correspond to the spaces with D = 2 + 2k for k = 0, 1, 2, . . . with the missing cases gotten
by dimensional reduction on the cohomology with constant coefficients.
Secondly, we would like to generalize the construction to curved superspace by coupling
to conformal supergravity. Happily, this too requires relatively minor changes to the frame-
work mostly having to do with the inclusion of additional torsions and the corrections to the
superfield constraints they imply. (See ref. [5] for the six-dimensional curved space analogue
of the super-de Rham complex.) In fact, the flat-space cohomology already determines part
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of the structure of the supergravity torsions, as suggested by our observations regarding the
3-cocycle and its relation to local superconformal gauge transformations. Work is currently
underway to use this observation to determine the supergravity torsions (and thus the super-
geometry, cf. [45]) through their couplings to forms thereby circumventing the usual analysis
of curved superspace Bianchi identites.
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A Five- and Six-dimensional Superspace
In this appendix, we derive the properties of five- and six-dimensional superspaces with
eight supercharges needed to determine the structure of de Rham cocycles in the main part
of the text. These properties can be copied directly from references [5] and [33], but we
rederive them here in a form that generalizes easily to other superspaces.
Although we will mostly be focusing on five dimensions, it is easiest to derive the prop-
erties of this superspace from the six-dimensional superspace in which it embeds. We take
the spinor representation in six dimensions to be pseudo-Majorana with index structure sαi,
where α = 1, . . . , 4 and i = 1, 2 are SL(4;R) “spin” and SU(2) “iso-spin” indices, respec-
tively. The off-diagonal blocks (γa)αβ and (γ˜a)
αβ := 1
2
εαβγδ(γa)γδ of the Dirac matrices (Pauli
matrices) are antisymmetric in their spinor indices. In terms of these, the Clifford algebra
rules reduce to the form
γaγ˜b = −ηab + γab. (A.1)
This defines γab := γ[aγ˜b] = −γ˜[aγb] =: −γ˜ab. A commuting spinor s
αi, defines a vector and a
triplet of self-dual 3-planes by the combinations
γa(s, s) := s
αi(γa)αβs
β
i and γabc(s
i, sj) := sαi(γabc)αβs
βj = γabc(s
j, si), (A.2)
where γabc := γ[aγ˜bγc] denotes the anti-symmetric part of the product of three Pauli matrices.
The vector defined by s is null
γa(s, s)γa(s, s) = 0. (A.3)
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Useful Fierz identities can be derived by polarizing s→ s+ t and expanding in powers of t.
For example, the first such relation implies the famous identity
γa(s, s)γa(s, t) = 0 (A.4)
for all commuting spinors s and t.16 Setting ti = ωijabγ˜
absj for some ω
ij
ab and substituting, we
obtain
[
γ[a(s, s)γb](s
i, sj) + γc(s, s)(siγabcs
j)
]
ωabij = 0. (A.5)
Since ω is arbitrary, the expression in brackets must vanish. The first term vanishes irrespec-
tive of the symmetry properties of the iso-spin indices on ω. The second term is non-trivial
only if ω has a symmetric part. Therefore, we find that the vector defined by s is “orthogonal”
to the triplet of self-dual 3-planes it defines:
γc(s, s)γabc(s
i, sj) = 0. (A.6)
Finally, we will need the completeness relation. Such a relation is equivalent to the
statement that the Dirac matrices (or the Pauli matrices γ and γ˜) generate the Clifford
algebra and, as such, does not correspond to additional information that is put in “by hand”.
However, as we have chosen to follow the conventions of reference [23], we are no longer free
to normalize the independent terms which come out to be
XsYs =
1
8
γa(s, s)γ˜a(X, Y ) +
1
8·3!
γabc(si, sj)γ˜abc(Xi, Yj), (A.7)
for any two co-spinors Xαi and Yαi. Here 8 is the number of real supercharges in this
superspace.
With the relations (A.4) and (A.6) and the normalizations (A.7), we are ready to reduce
to five dimensions. The spinor representation stays pseudo-Majorana with the difference
that the spinor indices can be raised and lowered with the Sp(4;R) invariant proportional
to (γ6)αβ. Distinguishing five-dimensional indices with a caret where necessary, we define
(Γaˆ)αˆ
βˆ = (γaˆ6)αˆ
βˆ and (Σaˆbˆ)αˆ
βˆ = 1
2
(γaˆbˆ6)αˆ
βˆ (so chosen to agree with the conventions of [23,33]).
With this understood, the equations (A.4) and (A.6) reduce to
Γa(s, s)Γa(s, t) + s
2ts = 0 and Γ
aˆ(s, s)Σaˆbˆ(s
i, sj) = 0. (A.8)
It will be important to our analysis in section 3 that the five-dimensional vector defined by
the commuting spinor s is no longer null but that it is “orthogonal” to the triplet of 2-planes
defined by it. The completeness relation (A.7) becomes
XsYs =
1
8
s2X iYi −
1
8
(X iΓΓ(s,s)Yi) +
1
2
Σaˆbˆ(si, sj)(XiΣaˆbˆYj). (A.9)
16 This relation is generally valid for D = 2k + 2 for k = 0, 1, 2, 3 when the spinor structure is Majorana,
Weyl, pseudo-Majorana, and Majorana-Weyl, respectively [46]. As it and its consequences are the only non-
trivial relations we use regarding the (iso-)spin structure of the superspace, the cohomological analysis we
perform should be extendible to these cases with minimal modifications.
20
All of the relative coefficients in the formulæ we derive in the main text for the components
of the cocycles and the constraints on their defining superfields are simple combinations
of only the universal coefficients in the Bianchi forms and the relative coefficients in these
five-dimensional Fierz identities.
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